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Abstract: The purpose of this research is to investigate the validity of the Reynolds equation in spool valve
analysis under cavitation. This study is carried out for a laminar and isothermal flow between a sleeve and spool
with grooves. The pressure and lateral force obtained from the Reynolds equation and the Navier-Stokes equation
are compared with variations of aspect ratio, cross sectional area, and number of grooves. The cavitation
phenomenon is considered by using a cavitation model in the Navier-Stokes equation and the Reynolds cavitation
boundary condition in the Reynolds equation. A large difference of more than 20% is found between the equations
for a lateral force of spool valve with many grooves. It was found that the Reynolds equation is not suitable for
calculation of a lateral force of the spool valve with multiple-grooves of which the width and depth are even
larger than the clearance under cavitation.
Keywords: validity; Reynolds equation; Navier-Stokes equation; spool valve; cavitation

1

Introduction

Spool valves are used in many modern hydraulic
systems to maintain the accurate movement of actuators.
However, a spool-type directional control valve has
a particular problem known as hydraulic lock. The
problem occurs when an uneven pressure distribution
surrounding the spool in the clearance between the
spool and sleeve causes the spool to move sideways
and out of its centered position. Contact between the
spool and sleeve causes an increase of friction, and
the spool is eventually blocked inside the sleeve.
Lateral force is closely related to the problem. When
the lateral force is too large, the spool is biased to the
inner wall of the sleeve, and contact occurs.
To improve the problem, circumferential grooves
balancing the uneven pressure distribution in the radial
clearance are generally applied to the spool lands.
Researchers and designers of hydraulic valves have
* Corresponding author: Kyung-Woong KIM.
E-mail: skymeche@kaist.ac.kr

attempted to find the reasons and solutions for the
problem [1].
In these previous studies, the Reynolds equation
was commonly used to investigate the lubrication
characteristics of the spool valve. The applicability of
the Reynolds equation is questionable in spool valve
analysis because cavitation often occurs in the grooves
and the depth of the groove is much higher than the
clearance in most cases. Moreover, in these conditions,
it is reported that some of the assumptions used in
the Reynolds equation are not valid [2]. Therefore,
it is important to investigate whether the Reynolds
equation is valid in simulating the spool valve.
However, no evaluation has been performed on the
applicability of the Reynolds equation in spool valve
analysis.
In recent years, similar studies have typically performed by comparing pressure distribution, maximum
pressure, load capacity, friction force or friction
coefficient acquired by the Navier-Stokes equation
(CFD analysis) with those obtained by the Reynolds
equation in other hydraulic systems [3−10]. The results
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List of symbols
Fl
(Fl RE -Fl N-S )/Fl N-S %
K
N-S
RE
Rc
Re
V
Vk
fk
h2
l
l1
l2
l3
n
n0
p
p0, pr

Lateral force
Lateral force ratio
Aspect ratio of groove
Navier-Stokes equation
Reynolds equation
Vapor generation rate term
Vapor condensation rate term
Total volume
Volume of phase k
Mass fraction of phase k
Depth of groove
Length of spool
Distance from edge to first groove
Width of groove
Distance between groove
Number of groove
Normal direction at film rupture
boundary
Pressure
Pressure condition at edge of spool

were compared with a variation of the ratio of the
roughness height (depth) of grooves or dimples to
the film thickness (clearance). Through the comparison,
they insisted that the Reynolds equation is valid in
the range where the roughness height is less than or
comparable to the clearance. In addition, the results
acquired by the Navier-Stokes equation were compared
with those by the Stokes equation [11−14].
Most of the problems dealt with in these previous
studies focused on two-dimensional configurations.
Generally, the results from an analysis of an object with
a two-dimensional configuration were overestimated
compared to those of an analysis of an object with a
three-dimensional configuration. The analysis of
the three-dimensional configuration should thus be
performed to investigate the validity of the Reynolds
equation.
It has been reported that the inertia effect [11−14]
and method used to treat cavitation [15−17] cause a
discrepancy between the results obtained by the
governing equations. However, this study does not
consider the effects of the variation of the Reynolds

psat
u0
r,  , z
r0
r1
vch
vm
vr,k


k


m

m

g
l
v

Saturation pressure
Sliding speed of sleeve
Cylindrical coordinate
Radius of sleeve
Radius of spool
Characteristic velocity
Mass-averaged velocity
Relative velocity for phase k
Tilting angle of spool
Volume fraction of phase k
Effective exchange coefficient
Viscosity of oil
Viscosity of mixture
Density of oil
Density of mixture
Surface tension coefficient of lubricant
Non-condensable gas
Liquid
Vapor

number. Therefore, the validity of the Reynolds equation
in the spool valve is investigated in the range of a low
Reynolds number below 3 to minimize the inertia
effect of fluid.
Most of the previous researches on the validity
of the Reynolds equation were concerned with the
micro scale dimples or grooves of an infinitely slider
bearing [5, 7, 10−13]. Moreover, the cavitation phenomenon which occurs in grooves or dimples was
neglected or treated with a simplistic approach such
as the half Sommerfeld condition [3, 7, 10, 11, 13, 14].
However, to accurately evaluate the validity of the
Reynolds equation in the problems, the cavitation
phenomenon and three-dimensional configuration
need to be considered.
In this study, to estimate the validity of the Reynolds
equation in the spool valve analysis under cavitation,
an analysis of a three-dimensional configuration of
the spool valve is performed to consider the circumferential flow of the spool, and the cavitation
phenomenon is considered by using a cavitation model
in the Navier-Stokes equation and Reynolds cavitation
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boundary condition in the Reynolds equation. The
pressure distribution and lateral force acquired by
the Navier-Stokes equation (CFD analysis) are compared with those obtained by the Reynolds equation.

2

Numerical model and numerical method

A real spool valve system has spool with several
spool lands, as shown in Fig. 1(a). In this study, the
geometry of the spool valve is simplified. Figure 1(b)
shows a schematic of the spool valve used for
numerical analysis. The spool with a length l and
radius r1 is placed inside a sleeve with a radius r0.
The spool is tilted at an angle  . The sleeve moves at
a velocity of u0 in the z direction while the spool is
stationary. The pressure at both sides of the domain
is thus constant as p0 and pr, respectively. Figure 1(c)
shows the groove region. The aspect ratio of groove
K is the ratio of groove depth h2 over the groove
width l2. The depth and width of grooves are much
larger than the clearance in the general spool valve.
In this study, the difference between the results is

calculated with the variation of the cross sectional
area of the groove, the aspect ratio of the groove, and
the number of grooves according to the governing
equations. The saturation pressure, boundary pressure
condition, and sliding speed are shown in Table 1
and the properties of the working fluid and the
geometry of the spool valve are shown in Tables 2
and 3, respectively. “Oil” refers to the liquid-state of
the lubricant and “oil-vapor” refers to the vapor state
transformed from the lubricant of the liquid state.
Table 1

Pressure condition
Sliding speed
Table 2

p0, pr (Pa)

0

psat (kPa)

−50

u0 (m/s)

3

Properties of working fluid.
Oil

Oil-vapor

Density (kg/m )

962

0.02556

Viscosity (kg/(m·s))

0.013468

1.256 × 10−5

Surface tension (N/m)

0.0378

3

Table 3

Fig. 1 Spool valve: (a) spool, (b) schematic of spool valve with
groove, and (c) aspect ratio of groove.

Pressure condition & sliding speed.

Geometries of spool valve.
r0 (mm)

7.51

r1 (mm)

7.5

l (mm)

20

l1 (mm)

1.5

l2 (mm)

0.1, 0.2, 0.3, 0.4, 0.5

l3 (mm)

0.5

K

0.4, 1, 1.4

α (degree)

–0.0228

n (number of grooves)

2, 4, 8, 16

The evaluation of the validity of the Reynolds
equation is performed by comparing the pressure
distribution and lateral force obtained by numerical
approach using the Reynolds equation (RE method)
and computational fluid dynamics analysis using the
Navier-Stokes equation (CFD method).
The Navier-Stokes equation is solved using commercial CFD software (FLUENT 6.3). The computational
domain is meshed using the GAMBIT (version 2.3.16)
pre-processor with the CFD method. A hexahedral
grid is employed. Through testing mesh independence,
it is verified that the pressure distribution rarely
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changed above 1% error for various meshes in all
cases when the fine mesh is applied to the domain as
shown in Fig. 2(a). The left side of the domain is set
as the pressure inlet and the right side is set as the
pressure outlet.
The sleeve wall is set as the moving wall at a speed
of u0 in the z direction and the spool wall is set as
the stationary wall. The no-slip boundary condition
is assumed at the walls, and the pressure at the inlet
and outlet boundaries of the spool valve is set to
atmospheric pressure. FLUENT uses a finite volume
method to convert the governing equations to algebraic
equations that can be solved numerically.
The residual definitions are used for judging convergence. The criterion requires the residuals to
decrease to 10−6 for the continuity equation, velocities,
and volume fraction of vapor. The cavitation model
used in FLUENT [18] was developed by Singhal et al.
[19] and it accounts for effects such as phase change,
bubble dynamics, and non-condensable gases. This
model is able to account for two phase flows, which
are the compressibility of both the liquid and gas
phases. Various types of cavitation models can be used
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in FLUENT. In this study, the cavitation is modeled
by using mixture model from FLUENT. The mixture
model solves the continuity equation for the mixture,
the momentum equation for the mixture, the volume
fraction equation for the secondary phase, the vapor
mass fraction, and vapor transport equation, as well
as the algebraic expression for relative velocities. The
continuity equation for the mixture is

  (  m vm )  0

(1)

where  m is the mixture density given by:
n

 m    k  k   v  v   g g  (1   v   g ) l

(2)

k 1

The mixture consists of three phases: liquid, vapor
and non-condensable gas. The subscripts l, v and g
donate liquid phase, vapor phase and non-condensable

gas.  k is the volume fraction of phase k and vm is the
mass-averaged velocity:


n


vm 


k 1

k

 k vk
(3)

m

The momentum equation for the mixture can be
obtained by summing the individual momentum
equation for all phases. It is expressed as
 


  (  m vm vm )  p    [  m (vm  vTm )]
ni

 
  m g    (   k  k vr , k vr , k )

(4)

k 1

where ni is the number of phases and  m is the
viscosity of the mixture:
n

m    k k

(5)

k 1


vr ,k is the relative velocity for phase k:

 
vr , k  v k  v m

(6)

A vapor transport equation governs the vapor mass
fraction, fv , given by:

  (  m vv fv )    (fv )  Re  Rc
Fig. 2 Meshes near groove: (a) meshes in the CFD method and
(b) meshes in the RE method.

(7)

where  is the effective exchange coefficient and Re
and Rc are the vapor generation and condensation
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rate terms, respectively. The rates are functions of the
instantaneous, local static pressure and are given by:

Re  Ce

vch



l  v

2( psat  p)
3 l

(1  fv  fg ) for p  psat

In order to consider the cavitation phenomenon in
the RE method, the Reynolds cavitation boundary
condition is applied.
p  psat ,

(8)
Rc  Cc

vch



l v

2( p  psat )
fv for p  psat
3 l

(9)

where  is the surface tension coefficient of the
liquid, psat is the liquid saturation vapor pressure at
the given temperature, Ce and Cc are empirical constants with the default values Ce  0.02 and Cc  0.01 ,
respectively, and vch is a characteristic velocity, which
is approximated by the local turbulence intensity:
vch  k

(10)

where fk is the mass fraction of phase k.
The connection between the volume fraction in
Eq. (2) and the mass fraction in Eqs. (7)−(9) is:
1

m



fv

v



1  fv

l

p
0
n0

(14)

where n0 represents the outward normal vector to
the film rupture boundary and psat is the saturation
pressure of the lubricant.
In the RE method, the Reynolds equation is
discretized using the finite difference method and is
solved using the Gauss-Seidel method. The convergence
for the Reynolds equation is judged from the relative
error of pressure. The convergence is approved when
the relative error reaches less than 10−6.

 p p
p
new

new

old

 10 6

(15)

A flow chart of calculation is presented in Fig. 3(a).
Figure 3(b) shows the discontinuity in the film thickness

(11)

The first order upwind scheme is applied for
discretization and the SIMPLE pressure-velocity
coupling algorithm is adopted to rapidly obtain the
precise solution.
Secondly, the two-dimensional Reynolds equation
is used in this study. The Reynolds equation can be
derived from the Navier-Stokes equation and continuity
equation by applying the general assumptions.
  3 p  1   3 p 
h
h
 2
h
  6  u0
z  z  r0    
z

(12)

where  is the viscosity of the lubricant and h is the
film thickness. The film thickness differs according to
the control regions of calculation. For example, in the
control region between the left edge of the spool and
the first groove from the left edge of the spool, the
film thickness can be defined as follows:
h  c  z cos  for 

l
l
 z    l1
2
2

(13)

where c is the clearance in the case where the axis of
the spool coincides with that of the sleeve.

Fig. 3 RE method: (a) flow chart of the programming and
(b) discontinuity in the film thickness.
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in the z direction. For example, zd is the location of
the discontinuous fluid film thickness and coordinates
zd  1 and zd  1 denote the position of immediately
backward and immediately forward of the discontinuity
line, respectively. At the position of discontinuity in
the film thickness, the film thickness is expressed as
Eq. (16).
hz  zd 

hz  zd 1  hz  zd  1
2

(16)

Grid independency is carried out and it is verified
that the solution change is below 1% error for the
different meshes. The meshes near the groove are
applied densely as shown in Fig. 2(b).
In this research, the pressure and lateral force are
calculated using the CFD method and RE method,
respectively. The lateral force is obtained by integrating
the vertical components of the pressure over the spool
surface, as shown in Eq. (17). The decrease in the
absolute value of the lateral force can be related to the
relief of the uneven pressure distribution surrounding
the spool. In other words, a smaller absolute value of
a dimensionless lateral force indicates a more effective
mitigation of the uneven pressure distribution [20].
Fl  

l/ 2



2π

l / 2 0

p cos  r1d dz

(17)

To investigate the validity of the Reynolds equation,
the lateral force ratio is used. The ratios are presented
in the form of normalized percentage. They are
calculated on the basis of the results obtained by the
Navier-Stokes equation (CFD method) because the
results acquired by the CFD method are more precise
than those by the RE method.
(Fl RE  Fl N-S )
(Fl  Fl N-S )
%  RE
 100
Fl N-S
Fl N-S

(18)

where the subscripts N-S and RE represent the
Navier-Stokes equation and the Reynolds equation,
respectively.

3

Results and discussion

Figure 4(a) shows lateral forces with variation of groove
width, l2, and aspect ratio of groove, K, depending

on numerical methods when the number of grooves,
n is 2. The “N-S” and “RE” lines are shown for the
results obtained from the CFD method and RE method,
respectively. The lateral forces obtained by the CFD
method are smaller than those obtained by the RE
method. In addition, the lateral force decreases when
the width of the groove increases for the same value
of K. This is because the increment of the groove
width refers to the increase of cross sectional area of
the groove, and the increasing cross sectional area of
the groove can help to release the uneven pressure
distribution across the spool circumference. Figure 4(b)
presents the lateral force ratios in the case where the
number of grooves is 2. The lateral force ratios are
less than 10%. When the number of grooves is 4, 8,
and 16, the lateral force ratios are also calculated as
shown in Figs. 4(c)−4(e), respectively. The difference of
the lateral forces obtained by two governing equations
increases as the number of grooves increases. Therefore,
the evaluation with the Reynolds equation is not
sufficient for calculation of lateral force in the case of a
spool valve with multiple grooves.
The methods used to consider cavitation, pressure
variation across film thickness, and the inertia of
fluid have a significant influence on the difference
of pressure distribution and lateral force according
to numerical methods. This study focuses on the
influence of pressure variation across the film thickness
and the method used to consider cavitation as reasons
for the difference in the results between the governing
equations. However, the validity of the Reynolds
equation in spool valve analysis is investigated in the
range of a low Reynolds number of less than 3 in order
to minimize the inertia effect of fluid in this study.
One of the assumptions used in deriving the Reynolds
equation is that a negligible pressure variation occurs
across the film thickness. Therefore, the pressure
variation is investigated from the results acquired by
the CFD method. When  is 180°, the pressure change
across the fluid film thickness is investigated at the
center line and sidewalls of the first groove from the
left edge of the spool as shown in Fig. 5. Figures 6−8
present the pressure variation across the film
thickness in the case where the aspect ratio of the
groove, K is 0.4, 1, and 1.4, respectively. The pressure
variation in the r direction at the adjacent region of the
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Fig. 4 Lateral force and lateral force ratio with variations of groove width, aspect ratio of groove, and number of groove: (a) lateral
force (n = 2); (b) lateral force ratio (n = 2); (c) lateral force ratio (n = 4); (d) lateral force ratio (n = 8); (e) lateral force ratio (n = 16).

Fig. 5 Both sidewalls and center line of groove.
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Fig. 6 Pressure variation across film thickness (n = 2, K = 0.4):
(a) l2 = 0.1 mm, (b) l2 = 0.3 mm, and (c) l2 = 0.5 mm.

Fig. 7 Pressure variation across film thickness (n = 2, K = 1):
(a) l2 = 0.1 mm, (b) l2 = 0.3 mm, (c) l2=0.5 mm.

inner wall of the sleeve is higher than that at the
adjacent region of the outer wall of the spool because
the sleeve is moving part, not the spool. The pressure
variation at the right wall of the groove is higher than
that at the left wall of the groove in cases where the
width of the groove, l2 is 0.1 mm and 0.3 mm. However,
in the case where the width of the groove is 0.5 mm, a
relatively higher pressure variation at the left wall of
the groove is shown. In cases where the depth of the

groove is smaller than the width of the groove such
as K=0.4, the pressure of the three positions (the two
sidewalls and the center-line of the groove) is not the
same at the adjacent region of the outer wall of the
spool. On the other hand, there are regions where the
pressure is the same or similar at the three positions in
cases where the aspect ratio of the groove is 1 and 1.4.
This is because the increased cross-sectional area of
the groove facilitates to relieve uneven pressure
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and l2 = 0.5 mm, respectively when the number of
grooves is 16 and the aspect ratio of the grooves
is 1. Compared with the results shown in Fig. 6, the
pattern of pressure variation is relatively smoother
and the pressure is relatively lower due to the effect
of multiple grooves. This is, when the number of the
groove is 16, the relief function of uneven pressure
distribution by the groove is more effective.
In previous studies, several different cavitation
boundary conditions were applied to analysis of the
lubrication problem in order to consider cavitation.
Half Sommerfeld condition [21], Reynolds cavitation

Fig. 8 Pressure variation across film thickness (n = 2, K = 1.4):
(a) l2 = 0.1 mm, (b) l2 = 0.3 mm, and (c) l2 = 0.5 mm.

distribution surrounding the spool in the circumferential direction. This is, when K is more than 1, the
pressure of the three positions is the same or similar
at the adjacent region of the outer wall of the spool due
to occurrence of sufficient flow in the circumferential
direction. Moreover, the pressure variation at the
center-line of the groove is relatively higher in cases
of K=1 and K=1.4 and marginal change of pressure
occurs across the film thickness in the case of K = 0.4.
Figures 9(a)−9(c) show the pressure variation across
the film thickness in the cases of l2 = 0.1 mm, l2 = 0.3 mm,

Fig. 9 Pressure variation across film thickness (n = 16, K = 1):
(a) l2 = 0.1 mm, (b) l2 = 0.3 mm, and (c) l2 = 0.5 mm.

Friction 4(3): 266–276 (2016)

boundary condition [15, 16] and JFO (JakobssonFloberg-Olsson) condition [15, 17] in a p-θ model are
usually utilized in the analysis when using the Reynolds
equation. And several cavitation models [19, 22, 23]
in CFD analysis are also used.
The efficiency and accuracy of numerical analysis
of the lubrication problem are important issues. As
a rule, the analysis using the Reynolds equation is
efficient in terms of time while the results of the CFD
analysis using the Navier-Stokes equation are more
precise but more time is needed to calculate the same
problem. While the JFO condition is more accurate
than the Reynolds cavitation boundary condition or
the half Sommerfeld condition, it can be relatively
time-consuming. In terms of efficiency and accuracy,
cavitation is considered by using a cavitation model in
the CFD method and by using the Reynolds cavitation
boundary condition in the RE method. The RE method
used in this present study does not satisfy mass
conservation in the cavitation area and is known to
underestimate the cavitation area [17]. Therefore, significant difference arises between the pressures calculated
by the two methods. Especially, a distinct difference
of pressure is observed near the groove region.
Figure 10 shows the pressure distributions in the z
direction according to the different numerical methods,
depth of groove, and width of groove (n = 2, K = 1,
 = 180°). The pressure distribution pattern calculated
by the two numerical methods is similar, but a different
pressure distribution is observed near the groove region.
The difference near the groove region arises from the
discrepancy of pressure distribution and maximum

Fig. 10 Pressure distribution with variation of groove width and
governing equations (K = 1, n = 2,   180° ).

275
pressure. The maximum pressure obtained by the RE
method is higher than that by the CFD method.
It is believed that the difference of pressure depends
on the method used to consider cavitation and whether
or not the pressure variation across the film thickness
is neglected. Furthermore, the difference of pressure
distribution contributes to the discrepancy of pressure
distribution and lateral force according to the numerical
method used.

4

Conclusions

This study investigated the validity of the Reynolds
equation in spool valve analysis under cavitation.
The three-dimensional configuration of spool valve
and the cases where the depth and the width of the
groove were much higher than the clearance were
considered in this research. The cavitation phenomenon
was considered by using the Reynolds cavitation
boundary condition in the RE method and the cavitation
model in the CFD method.
The pressure and lateral force obtained by the RE
method were compared with those by the CFD method
with variation of aspect ratio, cross sectional area, and
number of grooves. Through the comparison of results
acquired by the two numerical methods, the following
conclusions were found:
1. The difference in lateral forces obtained between the
RE method and the CFD method increases as the
number of grooves increases. In the case where the
number of grooves is 16, a significant difference of
lateral force of more than 20% is observed. Therefore,
the evaluation with the Reynolds equation is not
sufficient for the calculation of lateral forces in a
spool valve with multiple grooves.
2. It is believed that the difference in the methods
used to consider cavitation and to consider whether
or not pressure variation across the film thickness is
neglected affects the pressure distribution. Finally,
the difference of pressure distribution causes
differences in the lateral force according to the
numerical method.
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